During mammalian development the cerebral metabolic rate correlates qualitatively with synaptogenesis, and both often exhibit bimodal temporal profiles. Despite these non-monotonic dependencies, it is found based on empirical data for different mammals that regional metabolic rate per synapse is approximately conserved from birth to adulthood for a given species (with a slight deviation from this constancy for human visual and temporal cortices during adolescence). A typical synapse uses about (7 ± 2) · 10 3 glucose molecules per second in primate cerebral cortex, and about 5 times of that amount in cat and rat visual cortices. A theoretical model for brain metabolic expenditure is used to estimate synaptic signaling and neural spiking activity during development. It is found that synaptic efficacy is generally inversely correlated with average firing rate, and additionally, synapses consume a bulk of metabolic energy, roughly 50 − 90% during most of the developmental process (except human temporal cortex < 50%). Overall, these results suggest a tight regulation of brain electrical and chemical activities during the formation and consolidation of neural connections. This presumably reflects strong energetic constraints on brain development.
Introduction
The proper functioning of neural circuits depends on their proper wiring [1, 2, 3, 4, 5, 6, 7] . The right connectivity diagram is achieved during development that is both genetically and activity driven [8, 9, 10] , and which probably has been optimized in the long evolutionary process [11, 12] . Despite the widespread application of recording, imaging and molecular techniques [13, 14] , along with modeling studies [2, 15, 16] , it is fair to say that our understanding of brain connectivity development is still very limited, and mostly qualitative. Nevertheless, the formation of neural circuits is an important problem in neuroscience, as its understanding may shed some light on structural memory formation in the brain and various developmental disorders [17] . Moreover, synaptic development like every physical process requires some energy. A natural question is how much does it cost, and whether this cost changes during development. It is known that information processing in the brain is metabolically expensive [18, 19, 20] . Specifically, energy consumption in mammalian brains increases fast with brain size, far more than in the rest of the body [21] .
The process of synaptogenesis, i.e. formation of synaptic connections, can be region specific and can have a complicated time-course, often bimodal with synaptic overproduction early in the development [22, 23, 24, 25, 26, 27, 28, 29] . However, we do not know whether and how this process correlates with the activities of participating neurons. It is also unclear, to what extent the synaptogenesis is regulated metabolically, although some qualitative correlation between the two has been noted based on their temporal characteristics [29, 30] .
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A couple of theoretical investigations estimated that synapses in the adult brain consume a significant portion of the overall metabolic rate [31, 32] . However, in fact, cerebral metabolic rate CMR (glucose consumption rate) depends both on neural electric discharges and on synaptic signaling, and their relative contribution is strongly controlled by a neurotransmitter release probability and synaptic density [33] . For instance, a high release probability can make synapses the major consumer of energy, and conversely, a low probability can cause action potentials to be metabolically dominant.
Thus, simultaneous analysis of the cerebral metabolic rate and synaptic density during development can provide a useful quantitative information about the relative importance of these two factors. Additionally, it can yield a relationship between synaptic signaling and neural firing rates.
The main aim of this study is to address these questions in two steps. First, by collecting and analyzing empirical data on brain metabolism and synaptic density during development for different mammals. Second, by combining these data with a theoretical model for brain metabolic rate [33] , in order to obtain quantitative results on the relationship energy vs. synapses. In particular, we want to establish how common across mammals are mechanisms that relate synaptogenesis with neural activities and cerebral metabolism. A secondary goal is to test the analytic model of brain metabolism against the data, which is a little extended here from its original formulation in [33] . In this model, cerebral metabolic rate is expressed solely by neural and synaptic physiological parameters that are either known or can be easily measured. 3 
Results

Constancy of metabolic energy per synapse during development
Empirical data (Tables 1-3) were used to analyze the time course of synaptic density (ρ s ) and glucose cerebral metabolic rate (CMR) during development for different mammals and brain regions (Fig. 1) . For most regions both of these quantities depend non-monotonically on time, initially increasing, then reaching a maximum, and finally decreasing to adult values. In some cases, this temporal dependence is even more irregular, with more than one maximum (e.g. rhesus monkey frontal cortex and human temporal cortex for synaptic density). Overall, CMR and ρ s can change several-fold during development. The most extreme change is in the cat visual cortex, where ρ s and CMR can increase by a factor of ∼ 18 and ∼ 4, respectively (Table 1) . However, despite these complex dependencies and variability the amount of metabolic energy per synapse, i.e. the ratio CMR/ρ s , is nearly independent of the developmental time for a given species and brain area ( Fig. 2 ; Tables 1-3 ). In all examined mammals and cortical regions, the quantity CMR/ρ s correlates weakly with the developmental time, and the linear slope in this dependence is close to zero. Moreover, these weak correlations are not statistically significant (p value varies from 0.08 to 0.68; Fig. 2 ).
On average, rat brain consumes about 7 · 10 −13 µmol of glucose per minute per synapse in the parietal cortex, and (2 − 3) · 10 −12 µmol/min in the visual cortex ( Table   1 ). The latter value is similar to the glucose use per synapse in the cat visual cortex (Table 1) . In rhesus monkey and human cerebral cortices, there are approximately the same average baseline glucose consumptions per synapse, ∼ 7 · 10 −13 µmol/min (Tables   4 primate brains than it is in relatively small rodent of feline brains, and the difference could be five-or six-fold.
The biggest deviations from a baseline value of CMR/ρ s are for the human visual and temporal cortices between postnatal ages 3.5 and 12-15 years, and can be 2-3 folds above that baseline (Table 3 ). These numbers, however, do not seem to be relatively large, considering that CMR in that period can increase by a factor of 4-9 in relation to the minimal CMR. Nevertheless, the "energy per synapse" distinction for the (preand) adolescent human brain is noticeable and could suggest a different distribution of energy in the developing human neural circuits in that period in comparison to other mammals.
Correlation between cerebral metabolic rate and synaptic density
Empirical data on CMR and ρ s were used to find their mutual relationship (Fig.   3 ). This relationship is in general monotonic with high positive correlations, and can be fitted by the formula, which was derived in the Materials and Methods:
where a 0 and a 1 are numerical coefficients that depend on neurophysiological parameters (they are known and determined in the Materials and Methods), b is the parameter related to synaptic signaling, ρ s is the amplitude of synaptic density, i.e. ρ s = ρ s 10
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[cm f 0 , and c are determined by a fitting procedure to the data, and they are presented in Table 4 .
Generally, estimated average firing rates are rather small for all examined mammals, and on average about 1 Hz (Table 4 ). The smallest values are for the monkey visual and sensorimotor cortices, and the largest for the cat visual cortex. The character of the relationship between population firing rate f and synaptic density ρ s is not universal, but depends on a particular species and cortical region ( Table 4) . For some regions, the best fit is obtained for f independent of ρ s (i.e. with c ≈ 0). For others, we find an increase of f with increasing ρ s , either sublinearly (c < 1) or approximately linearly (c ≈ 1). The nature of this dependence has also its influence on the relationship CMR vs. ρ s . When c > 0, that is, when f increases with ρ s , we find that CMR increases with ρ s in a non-linear manner (Fig 3B,C,D) , whereas when c = 0, then CMR grows linearly with ρ s (Fig. 3A) . Thus, we conclude that the dependence CMR on ρ s is also non-universal.
Synaptic contribution to the cerebral metabolic rate during development
Having determined the parameters b, f 0 , and c, we can find a fraction of metabolic energy consumed by synaptic signaling during the development process. The fraction η of the cerebral metabolic rate CMR taken by synapses is defined as η = bρ s f (ρ s )/CMR, or equivalently
The latter expression implies that η is inversely related to the metabolic energy per synapse. Indeed, although η changes during the development much more than CMR/ρ s (Tables 1-3 ), both of these variables are negatively correlated ( Table 5 ). The greater variability of η than CMR/ρ s can be explained by its additional dependence on firing rate f (ρ s ), which in itself is proportional to a variable synaptic density.
In general, η is rather high, mostly in the range 0.5−0.9 (Tables 1-3 ; some η is a little above unity, which is an artifact caused by systematic errors in the fitting procedure that determines b, c, and f 0 ). A significant exception is human temporal cortex in which synapses use for the most time considerably less than 50% of cortical CMR. At the top of the synaptogenesis, when synaptic density is maximal, η is usually very large and often around 0.8-0.9, which is greater than for the adult, but the difference is mild.
From all examined mammals and cortical regions, synapses in the monkey visual and sensorimotor cortices, as well as synapses in the rat parietal cortex seem to be the most "energetic", since they frequently use approximately 90% of the total cerebral glucose rate.
Overall, these results strongly suggest that excitatory synaptic signaling uses a majority of metabolic energy allocated to neurons, even at adulthood. The spiking neural activity and maintenance of negative membrane potential utilize generally far less energy, together approximately 10 − 40%, depending on the species, brain region, and 7 developmental period.
Relationship between synaptic efficacy and average firing rate across mammals
The parameter b in Eq. (1) is proportional to the excitatory synaptic efficacy (or signaling; see Materials and Methods). For a given species, we can associate this parameter with the average firing rate f , both of which were determined by fitting the theoretical model (Eq. 1) to the data (Table 4) . We find that b and f are inversely correlated across all examined cerebral regions and animals, and can be fitted quite well by a universal curve of the form (R 2 = 0.956; Fig. 4 ):
where b is expressed in µmol·sec/min. This relationship indicates that average synaptic efficacy is dependent on network spiking activity, and the higher that activity the smaller synaptic signaling. For example, for f = 0.1 Hz we have b ≈ 0.7, while for f = 1.3 Hz we obtain b ≈ 0.03, i.e. more than twenty-fold reduced synaptic efficacy. This implies that synaptic transmission is very sensitive on the average firing rate in the network, which can have functional consequences (see Discussion).
Estimation of neurotransmitter release probability by combining data and metabolic model
Experimental data show that the probability of neurotransmitter release is the least 8 stable parameter among synaptic parameters, and can change during the development by at least an order of magnitude [40, 41] . To test our metabolic model (see Materials and Methods), the release probability is estimated below for adult rat and cat visual cortices. In this respect, we equate the empirical value of the parameter b in Table 4 with the analytical formula for b given by Eq. (15), which allows us to determine the release probability q. We assume that g AM P A /g N M DA ≈ 2.5, in agreement with the empirical data for adult primate brain [42] . We take the peak AMPA synaptic conductances and their decay time constants as: g AM P A = 3.6 · 10 −10 Ω −1 and τ AM P A = 5 · 10 −3 s for rat, and g AM P A = 7.1 · 10 −10 Ω −1 and τ AM P A = 7.6 · 10 −3 s for cat [43] . Additionally, the NMDA synaptic conductance decay time constant τ N M DA is taken as τ N M DA = 0.1 s for both species, as a standard NMDA decay time [44] . We find that the neurotransmitter release probability q is 0.45 for adult rat visual cortex, and 0.31 for adult cat visual cortex. These values are in the range of values reported experimentally [40, 45, 46] , and suggest that the metabolic model presented and used in this paper (Materials and Methods) is reliable and has a predictive power.
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Discussion
This study shows that despite temporal changes in cerebral metabolic rate CMR and synaptic density ρ s during development, often exhibiting bimodal shape, the amount of metabolic energy per synapse (CMR/ρ s ) is almost invariant in the process for a given mammal and brain region ( Fig. 2 ; Tables 1-3 ). This approximate constancy is even more pronounced if we take into account that many other neuroanatomical parameters, such as neuron number, dendritic tree length, and brain volume, all change non-monotonically with an animal age [47, 48, 49] . In contrast to CMR/ρ s , the fraction of CMR consumed by synapses, i.e. η, is much more variable during the development (Tables 1-3) . Moreover, these two quantities are strongly negatively correlated (Table   5 ). For the most developmental time and cortical regions η is greater than 0.5, implying that synapses use the majority of cortical metabolic energy, often close to 90% or more (Tables 1-3 ).
The case with the human brain is more subtle, as its visual and temporal cortices exhibit a noticeable deviation from the CMR/ρ s constancy during early and middle adolescence (by a factor of ∼ 2; Table 3 ). In addition, η for human temporal cortex is considerably smaller than 0.5 for the most time. The increase in CMR/ρ s for the above regions during adolescence is associated with a simultaneous decrease in η, which suggests that non-synaptic part of CMR dominates over the synaptic part in this period (Table 3) . It is interesting to note that the maxima of CMR/ρ s for human visual and temporal cortices between 3.5 and 12 years coincide with maxima observed in cortical volume, thickness, and surface area during the same time [50, 51, 52] . This positive (negative) correlation between CMR/ρ s (η) and structural cortical growth can be an indication that the latter process requires an additional energy above some baseline, which is partly generated by shunting it from the synapses.
On average, a synapse in the primate cerebral cortex consumes about (7 ± 2) · 10
µmol of glucose per minute. In rat and cat visual cortices corresponding numbers are about 5 times larger, which qualitatively agrees with a previous rough estimate that in larger brains energy per synapse should be smaller than in smaller brains [21] .
These numbers translate into 5000 − 9000 of consumed glucose molecules and (1. [60, 61] . It seems that there are some common principles underlying these invariants, which could be related to the economy of brain wiring [3, 4, 5, 62, 63, 64, 65] . This in turn could be associated with the evolutionary constraints coming from limited energetic resources [19, 20, 31] , as the brain is an energy-expensive organ [18, 21] , and synapses were pointed out as one of the important users of the cerebral metabolism [21, 31, 32, 33] . The fact that cerebral metabolic rate CMR and synaptic density ρ s are rather strongly positively correlated (Table 4 , Fig. 3 ) speaks in support of the last argument.
The results in this study indicate that synapses are even bigger energy users than previously estimated. Calculations presented in Tables 1-3 show that at adulthood, when synaptic density is generally lower than in adolescence, synapses can still consume about 50 − 80% of the total glucose consumption rate. For example, for rat cortex η is either 0.48 (visual) or 0.81 (parietal). The average of these values is about twice the amount that was previously calculated for adult rat cortex [31] . The likely source of the discrepancy is the probability of neurotransmitter release, which was calculated here as 0.45 (for rat visual cortex), and assumed in [31] as 0.25. Generally, it should be kept in mind that the computed values of the release probability are only averages, as this parameter is highly variable in time and additionally input specific, and could be somewhere between 0.05 − 0.7 [40, 41, 45, 46] . Because the neurophysiological model of the gray matter metabolism presented in this paper (see Materials and Methods)
yields reasonable numerical values of this highly uncertain parameter, it could play a useful role in the future in determining other functional circuit parameters from glucose metabolic data.
It is found that, as a rule, synaptic efficacy (signaling) is negatively correlated with cortical average neural firing rate across all examined species (Fig. 4 ). Low firing rates usually correspond to high synaptic efficacy, and vice versa (Fig. 4) . The interesting feature is that all data points coming from different mammals and cortical regions collapse (with high correlations) into one universal curve given by Eq. (3). This clearly suggests that synaptic regulatory mechanisms such as depression and potentiation are coupled with global network activity and may have a universal cross-species character.
This kind of synaptic plasticity is reminiscent of the so-called synaptic scaling, which was found in cortical circuits [66] . In this process, which is typically slow, synaptic efficacy increases if network activity is too low, and it decreases if network activity is too high. This synapse-network activity coupling serves as a tuning mechanism to balance brain spiking activity, which may be important for preventing pathological dynamic states [67] .
The collected empirical data in combination with the theoretical metabolic model allow us to determine average firing rates across mammals during development, from 13 the birth to adulthood. These rates are rather low, generally in the range 0 − 2.3 Hz.
This probably implies that only a small fraction of cells is active concurrently, which is compatible with an idea of sparse neural coding in cortical networks [19, 31] . Moreover, our results show that larger brains tend to have a slightly lower spiking activities than smaller brains (Table 4 ). This conclusion that was reached here for developing brains is in line with a previous estimate made for several adult mammals, also using glucose metabolic data [33] . The current interesting finding is that neural firing rate could change during development in coordination with the changes in synaptic density (Table   4 ). Such dependence improves the goodness of fits for several brain regions significantly.
The semi-empirical results of this study can have some impact on modeling studies related to the connectivity development in the brain. It has been known for a long time that synaptic development is driven to some extent by global spiking activity of neurons [14, 68] . This coupling has also been incorporated in several formal models dealing with synaptogenesis [16, 69] , but it often had abstract forms. It seems that the semi-empirical formula derived here (Eq. 3), allows us for a more realistic approach.
Alternatively, this formula could be used as a one of the criterions for verification of modeling studies. Similarly, the finding that there exist a (roughly) constant amount of available energy per synapse during development ( Fig. 2 ; Tables 1-3) , has not been explored in computational models. Yet, it could have important theoretical implications.
Although, the empirical data in this paper are concerned with normal development, they could also have some relevance for studies dealing with developmental disorders, such as schizophrenia or autism. There are some strong experimental indications that 14 these mental diseases are associated with altered synaptic connectivity [70, 71] . It would be interesting to know whether in these disorders the amount of metabolic energy per synapse during development is also conserved or not? If not, then how large are deviations form a constancy, and whether this measure is somehow correlated with the degree of mental disorder. This perhaps could have some practical applications.
Developmental data
The ethics statement does not apply to this study. Experimental data for glucose cerebral metabolic rate (CMR) and synaptic density (ρ s ) during development for rat, cat, macaque monkey, and human are presented in Tables 1-3 . These mammals have adult brains that span 3 orders of magnitude in volume. The metabolic data were collected from the following sources: for rat [34] ; for cat [35] ; for monkey [36, 37, 38 ];
for human [30, 39] . The synaptogenesis data were taken from: [22, 23] for rat; [24] for cat; [25, 26, 27, 28] for monkey; and [29] for human.
Theoretical model of cerebral metabolic rate
In this section we derive an expression for the glucose cerebral metabolic rate CMR in gray matter. This derivation follows closely a detailed analysis presented in [33] , and additionally extends it by including also NMDA synaptic currents. We assume that the activities of Na + /K + pumps are the major contributors to brain metabolism, which is in agreement with empirical estimates [72, 73] . The main objective of these pumps is to remove Na + ions from neuron's interior, in order to maintain a negative membrane resting potential, which is critical for all neural functions.
During one cycle, the Na + /K + pump extrudes 3 Na + and intrudes 2 K + ions, which translates into a net removal of one elementary positive charge that comprises a pump current I p . Consequently, the pump current I p constitutes of only 1/3 of the total sodium current through the membrane. In terms of the metabolic cost, this pumping process given by
where I p is the average net pump current, N is the number of neurons contained in the gray matter volume U, and F is the Faraday constant. The ratio I p /F is the amount of moles of ATP molecules consumed on average per neuron per time unit.
At the steady state, i.e. for constant firing rates and after averaging over long times (hundred of seconds to several minutes), the average sodium concentration inside neurons is relatively stable [33] . This corresponds to the situation when the pump current I p balances 3 different types of sodium currents through the membrane [33] :
where 3I p is the amount of Na + charge per second that is removed by the Na + /K + pump. The current I N a,0 is Na + influx through sodium channels at rest (a small contribution), I ap is Na + influx due to action potentials, and I s,0 is the sodium influx through synapses during background dendritic synaptic activity. The explicit forms of the first two currents are given by:
where V N a is the reversal potential for Na + ions, V 0 is the resting membrane potential, f is the average firing rate, g N a,0 is the resting Na + conductance per unit area, C is effective membrane capacitance per unit area, and S is the neuron's membrane surface area.
The synaptic contribution I s,0 to the sodium influx is proportional to a temporal average over an interspike interval of the AMPA and NMDA synaptic currents, and takes the form:
where α is the proportionality factor between the total synaptic current and Na + influx 18 current and is given by
, where V K is the reversal potential for K + ions. The latter dependence can be easily computed [33] and follows from the fact that AMPA current is composed exclusively of Na + and K + ions, and NMDA current is composed largely of these ions (the influence of Ca +2 is neglected here,
as it constitutes only of about 7-10% of the NMDA current [74] ). The symbol M denotes number of synapses per neuron, q is the neurotransmitter release probability, and V is 
where the frequency dependent factor R i (f ) (i = AMP A, NMDA) has the form:
. This factor for the AMPA current is practically always close to 1, as f τ AM P A is significantly smaller than unity even for firing rates f as large as 100 Hz (with τ AM P A ∼ 5 − 6 msec). Generally, for the NMDA current R N M DA is less than 1, and could be even ≪ 1 for very large f . However, for the empirical frequencies found in this study (∼ 1 Hz), the factor R N M DA ≈ 1. Consequently, the values of R AM P A and R N M DA are both taken as 1 further in the analysis.
Combination of Eqs. (4-7) and (9) yields an approximate glucose metabolic rate CMR as follows:
Additionally, we assume that the geometry of axons and dendrites can be approximated as cylindrical with equal volumes [56] . Thus, we can write the total membrane surface area as NS = 4(1 − φ)U/d, where d is an effective fiber diameter (harmonic mean of axonal and dendritic diameters), and (1 − φ) is the fraction of volume taken by neural wiring [33] . Moreover, the surface density of synapses can be written as M/S = ρ s d/(4(1 − φ)), where ρ s is the synaptic density [33] . Substituting the above expressions for NS/U and M/S into Eq. (10), we obtain CMR in a more convenient form:
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or equivalently with an explicit dependence of CMR on synaptic density and firing rate as:
where the coefficients a 0 , a 1 , and b are given by
and
In Eq. (12) the firing rate f is in Hz, and the symbol ρ s denotes the synaptic density amplitude defined as ρ s = ρ s 10 11 , where ρ s is expressed in cm −3 . The coefficients a 0 and a 1 are invariant or nearly invariant across species, and they do not seem to change significantly during development after birth. This is because they depend on the parameters, which themselves are developmentally or species independent. These 21 are electrical voltages (V N a , V K , V 0 ) due to their logarithmic dependencies on ionic concentrations, membrane capacity C, and structural parameters: the fraction of volume taken by wiring (1 − φ) or fraction of neuropil [26, 27, 28] , and the effective wire thickness d [56] . Also the sodium conductance at neuron's rest is very small, and biophysical models suggest that it is similar across species. The numerical values of these parameters are:
(1 − φ) ≈ 0.65 [26, 27, 28, 56] , g N a,0 = 3 · 10
and d = 0.45 · 10 −4 cm [33] . Based on these values, we obtain a 0 = 0.013 µmol/(g·min), and a 1 = 0.14 µmol·s/(g·min). The parameter b is related to synaptic activities, and its value is determined in the Results section for every species and brain region.
There are no data on in vivo firing rates during development. Therefore, we have to assume some form of f . We consider two scenarios for this quantity. In the simplest case, firing rate and synaptic density are independent of each other, and we take f to be a constant. In a second case, we assume that firing rate and synaptic density are correlated in such a way that f is an increasing function of ρ s . This follows from a simple expectation that higher synaptic density generally mean more excitatory synaptic input to a typical neuron, as 85% of synapses in the cerebral cortex are excitatory [56, 57] .
More excitatory input in a recurrent network translates into higher average firing rates.
This is in agreement with mean-field models of recurrent neural networks [75] . Thus, the simplest expression for the firing that combines both scenarios is f = f 0 ρ c s , where f 0 and the exponent c are to be determined by a fitting procedure to the data. When c = 0, then f is independent of synaptic density. Table 4 . Inverse relationship between synaptic signaling and average firing rate across mammals.
Values of the synaptic efficacy b and firing rates f (arithmetic means) were found by fitting experimental data to the theoretical model ( Table 4 ). Note that all data points Synaptic contribution η to CMR is computed from Eq. (2). 
